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Abstract This paper develops a mathematical/economic
framework to address the following question: Given a par-
ticular population, a specific HIV prevention program, and a
fixed amount of funds that could be invested in the program,
howmuchmoney should be invested?We consider the impact
of investment in a prevention program on the HIV sufficient
contact rate (defined via production functions that describe
the change in the sufficient contact rate as a function of
expenditure on a prevention program), and the impact of
changes in the sufficient contact rate on the spread of HIV
(via an epidemicmodel). In general, the cost per HIV infection
averted is not constant as the level of investment changes, so
the fact that some investment in a program is cost effective
does not mean that more investment in the program is
cost effective. Our framework provides a formal means for
determining how the cost per infection averted changes
with the level of expenditure. We can use this information as
follows: When the program has decreasing marginal cost per
infection averted (which occurs, for example, with a growing
epidemic and a prevention program with increasing returns to
scale), it is optimal either to spend nothing on the program or
to spend the entire budget. When the program has increasing
marginal cost per infection averted (which occurs, for
example, with a shrinking epidemic and a prevention program

with decreasing returns to scale), it may be optimal to spend
some but not all of the budget. The amount that should be
spent depends on both the rate of disease spread and the
production function for the prevention program. We illustrate
our ideas with two examples: that of a needle exchange
program, and that of a methadone maintenance program.
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1 Introduction

In 2007, an estimated 2.5 million new cases of human
immunodeficiency virus (HIV) occurred worldwide, bring-
ing the total number of people living with HIV/AIDS to 33
million [1]. However, funds for HIV prevention fall far
short of the estimated need [2], so it is crucial to make the
best use of available prevention funds.

A key question faced by decision makers is how much to
spend on any given HIV prevention program. In general,
the relationship between expenditure on a prevention
program and HIV infections averted is not linear: prevent-
ing one infection may in the long run prevent many other
infections. Moreover, each incremental dollar spent on
prevention may not generate the same incremental reduc-
tion in HIV transmission risk. At low levels of expenditure,
increased investment in a prevention program may generate
increasingly greater reductions in transmission risk until an
effective program level has been reached (for example, a
counseling session that is long enough to be effective). At a
high enough level of expenditure, increased investment may
yield diminishing levels of incremental risk reduction (for
example, if the program has already reached those individ-
uals who are the most willing to change their behavior).
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Due to these complexities, and to lack of sufficient
knowledge about the effectiveness of prevention programs
and the behavioral and other factors driving the HIV epi-
demic in any given region, decision makers often make the
simplifying assumption (either explicitly or implicitly) that
the benefits of prevention programs grow linearly with
funds invested [3, 4]. For a single prevention program, the
assumption of linearity leads naturally to the following rule
of thumb: if it is worth investing in the prevention program,
it is worth investing the maximum amount possible. However,
more investment may not always be better. A prevention
program that is cost effective at low levels of expenditure can
become less so with additional expenditure if the additional
expenditure does not cause a proportional increase in benefit.
Conversely, a prevention program that does not appear to be
cost effective at a low level of expenditure might be cost
effective at a higher level of expenditure.

To make an informed decision about how much money
to invest in a particular HIV prevention program, decision
makers need to know how many infections are likely to be
prevented for each level of expenditure. Cost–effectiveness
analyses (and cost–benefit and cost–utility analyses) often
evaluate specific HIV prevention programs retrospectively,
considering a single level of program expenditure [5–9].
The results of such analyses cannot easily be scaled to
different levels of expenditure because it is not known how
much additional benefit would be gained (or lost) through
additional (or less) expenditure.

Some analyses have evaluated the incremental cost
effectiveness of different components of HIV prevention
programs (e.g., a safer-sex lecture only vs. a safer-sex lecture
coupled with skills training [10]; bottle feeding vs. bottle
feeding and antiretroviral treatment at birth or caesarian
delivery [11, 12]). However, such analyses do not deter-
mine how the results would change for different levels of
expenditure on each component. Kaplan [13] explored
optimal funding questions for needle exchange programs,
but under the limiting assumptions of a short time horizon
with constant HIV prevalence and decreasing marginal
numbers of injection drug users reached as a function of total
expenditure. Other authors have applied optimization tech-
niques to explore the optimal allocation of prevention funds
across multiple populations and programs [14–21], but the
results of such analyses do not provide insight into the
optimal level of expenditure on a single prevention program.

This paper develops a mathematical/economic frame-
work to address the following question: Given a particular
population, a specific HIV prevention program, and a fixed
amount of funds that could be invested in the program, how
much money should be invested? We consider the impact of
investment in a prevention program on the HIV sufficient
contact rate (defined via production functions that describe
the change in the sufficient contact rate as a function of

expenditure on a prevention program), and the impact of
changes in the sufficient contact rate on the spread of HIV
(via an epidemic model). For any level of expenditure, we
measure the number of cases of HIV averted over a fixed
time horizon. A previous study [22] showed how simulation
can be used to evaluate different levels of investment in an
HIV prevention program, with the objective of maximizing
the number of HIV infections averted per dollar spent. We
instead use an economic framework that employs the
concepts of cost–effectiveness analysis in order to determine
the optimal level of expenditure. We assume that alternative
HIV prevention programs or other public health programs
exist, so that funds not invested in the given HIV prevention
program can be used to fund alternative programs.

2 Model framework

We consider a single HIV prevention program that is targeted
to a given population. We assume that a budget B is available;
any amount 0≤x≤B can be spent on the program. We con-
sider a fixed time horizon of length T, and let IA(x) denote
the (discounted) number of HIV infections averted over
the time horizon, given (net present) expenditure x. We
determine the optimal level of expenditure x* by solving the
following optimization problem:

max W � IA xð Þ � x

s :t: 0 � x � B
ð1Þ

The term W denotes the monetary benefit per HIV
infection averted, and can be interpreted as the “willingness
to pay” for each HIV infection averted. (Its inverse, 1/W, is
the required number of infections averted per dollar spent to
justify investment.) We assume that the benefit of averting
each additional infection is the same as the benefit of
averting any other infection, so the marginal benefit equals
the average benefit. The concept of marginal benefit (and
thus benefit) is equivalent to the cost–effectiveness thresh-
old (in terms of dollars per life year or quality-adjusted life
year of survival gained) used implicitly or explicitly in
many cost–effectiveness analyses of HIV prevention pro-
grams [5, 6, 23–27]: it is the level of benefit the prevention
program must have in order to be considered cost effective.

One way to interpret W is as the benefit that funds
invested elsewhere would be expected to generate. W is
sometimes estimated by looking at the cost effectiveness of
commonly accepted medical interventions, because these
are interventions for which decision makers have dem-
onstrated a willingness to pay (e.g., see the discussion in
several recent HIV prevention cost–effectiveness studies
[24, 28, 29]). For the case of benefits measured in quality-
adjusted life years (QALYs) gained, programs in the USA
that cost less than $50,000 per QALY gained are usually
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considered cost effective; programs that cost $50,000 to
$100,000 per QALY gained are sometimes considered cost
effective; and programs that cost more than $100,000 per
QALY gained are not usually considered cost effective [30].
The World Health Organization suggests that programs that
cost less per disability-adjusted life year (DALY) gained
than the per capita annual gross domestic product (GDP) of
a country are very cost effective; programs that cost one
to three times the per capita GDP are cost effective; and
programs that cost more than three times the per capita
GDP may not be cost effective [31]. We do not stipulate
what the appropriate value for W is, nor how it should be
determined; we assume only that a value has been chosen.

We now describe how IA(x) is calculated. Let f(t,l) be
the number of new infections that occur in the population at
time t given sufficient contact rate l. Our framework
assumes no specific epidemic model, but we do assume that
f(t,l) is increasing in l (i.e., a higher sufficient contact rate
leads to more infections). The discounted total number of
new infections between now (time 0) and time T given
sufficient contact rate l and discount rate r≥0 is

Z T

0

f t; lð Þe�rtdt: ð2Þ

We assume that the HIV prevention program reduces the
HIV sufficient contact rate l. Many HIV prevention
programs work this way. For example, behavioral inter-
ventions can reduce the number or riskiness of sexual
encounters that people have [32], while needle-exchange
programs can reduce the probability that a drug injector
uses a contaminated needle [33]. If the prevention program
reduces the sufficient contact rate from l0 to a rate l<l0,
then the number of infections averted over T years is

G lð Þ �
Z T

0

f t; l0ð Þe�rtdt �
Z T

0

f t; lð Þe�rtdt ð3Þ

assuming that the change in the sufficient contact rate
occurs instantaneously at time 0 and lasts throughout the
time horizon.

Let l(x) denote the sufficient contact rate achieved in the
population by investment x. We refer to this function as the
production function for the prevention program: It describes
the effectiveness of the prevention program in reducing the
sufficient contact rate as a function of expenditure. Because
the sufficient contact rate is assumed to change instanta-
neously and then remain constant over the time horizon of
the problem, the decision variable x represents the net
present value of investment that is required to change—and
maintain—the sufficient contact rate over the time horizon
of the problem. Thus, if periodic future investments are

required to maintain the change in the sufficient contact rate,
then the net present value of these investments is assumed to
be captured in x. We assume that l(x) is continuous and
decreasing in x; the sufficient contact rate always decreases
as a result of spending money. We assume that l(0)=l0.

The number of infections averted by the prevention
program from now until time T given expenditure x is ob-
tained by substituting l(x) into G(l):

IA xð Þ � G l xð Þð Þ: ð4Þ
The function IA(x) depends on both the epidemic

dynamics [captured by the function f(t,l)] and the produc-
tion function l(x). Since f(t,l) is increasing in l, G(l) is
decreasing in l; this, combined with the fact that l(x) is
decreasing in x, means that IA(x) is increasing in x.

Production functions for HIV prevention programs may
have constant, increasing, or decreasing returns to scale. If
each additional dollar invested in a program yields constant
incremental benefits, regardless of how much has already
been invested, then the program’s production function has
constant returns to scale. This may occur for small expansions
of existing services [34]. If each additional dollar invested
brings less benefit, then a program’s production function
has decreasing returns to scale [13]. This may occur if
new recruits are less willing to change their behavior or if
additional expenses are incurred in outreach activities to
attract new recruits. If each dollar invested yields increasing
benefits, a program’s production function exhibits increas-
ing returns to scale. This may occur for interventions where
peer pressure is critical to adoption: As more individuals
receive the intervention, they exert greater influence on
their peers to do the same. A program’s production function
could incorporate both of these effects if, for example, some
startup is required, then the program exhibits increasing
returns to scale as more money is invested, but eventually
as more money is spent the program becomes relatively less
effective and exhibits decreasing returns to scale [35, 36].

3 Optimal expenditure level

There are three possibilities for the optimal spending level
x*. It could be optimal to spend nothing (x*=0), to spend
the entire budget (x*=B), or to spend an intermediate
amount (0<x*<B). If it is optimal to spend an intermediate
amount, then (dIA(x)/dx)=1/W at that point or, equivalently,
(dIA(x)/dx)−1=W. In this case, the optimal spending level oc-
curs where the marginal cost per infection averted [(dIA(x)/
dx)−1] equals the marginal benefit (W). We denote the op-
timal interior point solution by xD. If the marginal cost per
infection averted (dIA(x)/dx)−1 is always greater than the
marginal benefit W over the possible range of expenditure,
then it is optimal to spend nothing. If the marginal cost per
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infection averted (dIA(x)/dx)−1 is always less than the
marginal benefit W over the possible range of expenditure,
then it is optimal to spend the entire budget. Thus, the
solution depends on the value of W, the size of the budget,
and the returns-to-scale properties of IA(x).

Table 1 characterizes the optimal expenditure level for
four cases for the returns-to-scale properties of IA(x); these
results are derived in the Appendix. Other cases (for
example, decreasing and then increasing returns to scale
as x increases) are also possible.

The returns-to-scale property of IA(x) is given by the
second derivative of IA(x) with respect to x:

d2 IA xð Þ
dx2

¼ @2G lð Þ
@l2

� @l xð Þ
@x

� �2

þ @2l xð Þ
@x2

� @G lð Þ
@l

: ð5Þ

When this derivative is positive, IA(x) has increasing
returns to scale as a function of expenditure; when this
derivative is zero, IA(x) is linear in x; and when this
derivative is negative, IA(x) has decreasing returns to scale
as a function of expenditure. The returns-to-scale property
of l(x) depends on the effect of the prevention program on
the target population. The returns-to-scale property of G(l)
is determined by the progression of the epidemic. Figure 1
provides schematic illustrations of G(l) and l(x) with
increasing and decreasing returns to scale.

The returns-to-scale property of IA(x) in x can easily be
determined when G(l) and l(x) have the same returns-
to-scale property (for example, when increasing investment
leads to an increasingly reduced l, and reducing l leads to
an increasingly reduced G(λ); or when either G(l) or l(x)
has constant returns to scale). Similarly, if either function is
linear (which may be a reasonable assumption for small
investments or short time horizons), then the returns-to-scale
property of IA(x) can be easily inferred. However, when
G(l) and l(x) do not have the same returns-to-scale property,
then the returns-to-scale property of IA(x) cannot be
immediately inferred.

To develop qualitative insight, we performed a variety of
numerical analyses using a simple susceptible/infected (SI)
epidemic model with replacement [37]. We considered a
wide range of epidemic parameters (stable epidemics vs.
epidemics with different growth/shrinkage rates, different
initial HIV prevalence, different time horizons, etc.) In these
analyses, with the exception of very small initial infection
prevalence [I(0)<0.001] and very long time horizon
(T>1,000 years), the returns-to-scale property of l(x)
tended to be the overriding factor: IA(x) tended to have
the same returns-to-scale property as the production
function l(x). This means that, as a rule of thumb, it may
be reasonable to assume that the returns-to-scale property of

Table 1 Summary of optimal investment decisions as a function of the properties of IA(x)

Case IA(x) properties Optimal investment Qualitative description

1 Increasing returns to scale in x If W×IA(B)−B≥0 then x*=B; otherwise x*=0 Decreasing marginal cost per infection averted.
Spend the entire budget B if the average benefit
achieved by spending B exceeds the cost;
otherwise, spend nothing

2 Decreasing returns to scale in x If IA′(0)<1/W, then x*=0; Increasing marginal cost per infection averted. If the
marginal cost of averting one infection for a very
small investment is greater than the marginal
benefit, spend nothing. If the marginal cost at
expenditure level B is less than the marginal
benefit, spend the entire budget. Otherwise, spend
the amount that sets the marginal cost equal to the
marginal benefit

If xD≥B, then x*=B
If xD<B, then x*=xD

3 Constant returns to scale in x If IA′(0)≥1/W then x*=B; otherwise x*=0 Constant marginal cost per infection averted. If the
marginal cost for a very small investment is less
than the marginal benefit, spend the entire budget;
otherwise, spend nothing

4 “s-shaped” in x: Increasing returns to
scale for 0≤x≤xF, and decreasing
returns to scale for xF≤x≤B

For 0≤x≤xF, apply case 1 using B=xF Decreasing marginal cost per infection averted,
followed by increasing marginal cost. Over the
region of increasing marginal cost, apply case 1 to
see if it is worthwhile spending as much as
possible, or nothing. If it worthwhile investing,
then, over the region of deceasing marginal cost,
apply case 2 to see if it is worthwhile investing
more

For xF≤x≤B, apply case 2 by setting
l0=l(xF) and reducing the budget to B−xF
to see if additional investment is justified

IA′(x) denotes the derivative dIA(x)/dx. The point xD (if it exists) is defined as the point that sets IA′(xD)=1/W. The point xF (0<x<B) is defined as
the point at which the returns-to-scale property of IA(x) changes (as in case 4).
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infections averted as a function of investment will be the
same as the returns-to-scale property of the change in the
sufficient contact rate as a function of investment (i.e., the
production function). However, the optimal investment
amount still depends on both the production function and
the epidemic function, both of which are captured in IA(x),
so it is still necessary to solve (1) to determine the optimal
investment amount.

4 Example: HIV prevention in a population of injection
drug users

Using a simple model of HIV transmission in a population of
10,000 injection drug users (IDUs), and estimated preven-
tion program production functions (Fig. 2), we evaluated
optimal investment in a methadone maintenance program
and optimal investment in a needle exchange program under
different assumptions about the growth of the epidemic and
the willingness-to-pay threshold (W). We considered a one-
year time horizon.

We modeled HIV transmission using an SI model with
replacement [37]. This model has two disease states,
susceptible and infected, denoted by S(t) and I(t). This
model has three parameters: the fraction of the population
that is infected at time zero [I(0), which corresponds to the
initial disease prevalence], the replacement rate δ, and the
sufficient contact rate l. The population size is assumed to
be constant (the total exit rate at any point in time equals
the entry rate), and is denoted by N. The fraction of the
population that is infected at time t (and thus the fraction of

the population that is not infected) is given by the following
equation:

I tð Þ ¼
e l�dð Þt

l e l�dð Þt�1ð Þ
l�d þ 1

Ið0Þ

for l 6¼ d

1
ltþ 1

Ið0Þ
for l ¼ d

8>>><
>>>:

ð6Þ

The function f(t,l) is given by

f t; lð Þ ¼ lNI tð Þ 1� I tð Þ½ �: ð7Þ
We calculated G(l) as in Eq. 3 using T=1 year (thus, 0≤

t≤1) and an annual discount rate of r=3%.
We first considered a stable epidemic with 40% HIV

prevalence. This is similar to the prevalence seen among
IDUs in areas such as New York City [38]. Zaric et al. [26]
estimated a 3% non-HIV annual death rate among IDUs.
We assumed survival of 12 years for untreated HIV [39]
and 24 years for treated HIV [40], and that 75% of IDUs
would eventually receive highly active antiretroviral treat-
ment for HIV [41–43], leading to an average HIV-related life
expectancy of 21 years. We thus assumed an annual death
rate of 0.03+(1/21)=7.76% among HIV-infected IDUs.
Thus, the average death rate in the population (and therefore
the replacement rate) is δ=0.049 [=(0.60×0.03)+(0.40×
0.0776)]. The sufficient contact rate that corresponds to 40%
HIV prevalence is calculated as l0=(0.049)/(0.60)=0.0817.

We calculated production functions of the form

l xð Þ ¼ l0m xð Þ: ð8Þ
We assume that the production function m(x) represents

the behavior change achieved from one year of investment
x in the program. When longer time horizons are consid-
ered, an investment would have to be made every year to
maintain that level of behavior change.
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Fig. 2 Estimated production functions for a needle exchange program
and a methadone maintenance program: sufficient contact rate lλ(x) as
a function of per person investment (x/N)
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Zaric and Brandeau [17] estimated the following
production function for a needle exchange program based on
data from the New Haven Legal Needle Exchange Program
[13, 44]:

m xð Þ ¼ 0:67þ 0:33e�0:011 x
N ð9Þ

where N is the total population size. This was based on the
estimate from the New Haven program that an expenditure
of $65.22 per IDU yielded an overall reduction in needle
sharing of 17.2%, and that the largest reduction in needle
sharing that could be achieved would be 33% [13, 44]. With
this function, an investment of $150,000 yields a risk
multiplier of 0.950 in a population of 10,000. In 2006
dollars [45], the $150,000 cost is $191,000. Updating the
production function to reflect 2006 dollars yields

m xð Þ ¼ 0:67þ 0:33e�0:0089 x
N : ð10Þ

The corresponding production function [i.e., l(x)=l0
m(x)] has decreasing returns to scale (Fig. 2).

For methadone maintenance, we estimated that for
relatively small increases in capacity, benefits would be
linear in investment [26]. Each methadone slot costs
approximately $6,494 (this value corresponds to $5,250 in
1996 dollars [46], updated to 2006 dollars [45]), so (x/6,494)

is the number of new slots generated by an investment of x.
Zaric et al. [26] estimated that the relative risk of infection
for IDUs in methadone maintenance is 6% as high as that for
IDUs not in methadone maintenance, so we estimated that
each incremental slot would reduce overall transmission risk
in the population by a multiplicative factor (0.94/N). This
yields the following function:

m xð Þ ¼ 1� 0:94x

6; 494N
ð11Þ

The corresponding production function is linear (Fig. 2).
The maximum investment shown in Fig. 2 corresponds to
purchasing approximately 616 new methadone treatment
slots (($400/person × 10,000 IDUs)/$6,494/slot).

Figure 3 shows, for the needle exchange program and a
time horizon of T=1 year, the number of infections averted
(top panel) as a function of per person investment, and the
value of the objective function (bottom panel) as a function
of per person investment for three values of W ($25,000,
$50,000, and $100,000). The number of infections averted
has decreasing returns to scale and the objective function is
concave in the level of investment. Since the objective
function is concave, the optimal solution is to either spend
the entire budget or to spend up to the point xD (which
varies depending on W).

For example, consider the line corresponding to W=
$50,000. The maximum value of W×IA(x)−x occurs at
approximately x=$120 per person. If the budget is less than
$1.2 million (which corresponds to $120 per person), then
it is optimal to spend the entire budget on the needle
exchange program. If the budget is greater than $1.2
million, no more than $1.2 million should be spent on the
program; the rest of the funds should be spent on another
intervention. Although additional funds would continue to
avert infections [IA(x) is increasing in x], IA(x) has
decreasing returns to scale. Thus, each additional unit of
investment beyond $1.2 million would yield benefits that
are too small to justify the investment for that level of
willingness to pay for benefits.

Figure 4 shows results for the methadone program. In
this case, the number of infections averted (top panel) is
approximately linear in the investment, as is the objective
function (bottom panel). If the willingness to pay to avert a
case of HIV is less than $300,000, then the objective
function is negative for all levels of investment, and it is not
optimal to invest in the methadone program. For a larger
values of W, the objective function is positive and in-
creasing in the amount invested, so it is optimal to invest
the maximum amount possible in the methadone program.

For both programs, the value of the willingness-to-pay
parameter (W) must be above a minimum level before any
investment is made: this minimum value is approximately
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$20,000 per HIV infection averted for the needle exchange
program and $300,000 for the methadone program.

The cases in Figs. 3 and 4 correspond to the case of a
stable epidemic, with 40% HIV prevalence among IDUs.
Figure 5 shows the value of the objective function for the
needle exchange program for different values of the
sufficient contact rate, assuming W=$100,000. In the base
case (l=0.0817), the optimal expenditure is approximately
$200 per person whenW=$100,000. For a smaller sufficient
contact rate—and thus an epidemic that is shrinking below
the initial 40% HIV prevalence—the optimal expenditure is
lower: $75 per person if l=0.03 and $140 per person if l=
0.05. For a larger sufficient contact rate than in the base
case—and thus an epidemic that will grow above the initial
40% prevalence—the optimal expenditure is larger: ap-
proximately $250 per person if l=0.12. These results make
intuitive sense: it is optimal to invest more in the prevention
program when the epidemic is growing than when it is
stable, and it is optimal to invest more when the epidemic is
stable than when it is shrinking.

We also considered the case of a growing epidemic with
10% initial HIV prevalence among IDUs (and with δ=
0.049 and l0=0.0817 as in the base case above; thus, an
epidemic with 10% prevalence that will grow to 40%

prevalence). In this case, the willingness to pay to avert a
case of HIV must be above $50,000 before any investment is
made in the needle exchange program (Fig. 6). For W=
$100,000, the optimal expenditure on the needle exchange
program is approximately $85 per person—an amount lower
than the $200 per person spent when initial HIV prevalence
is 40%.

Finally, we considered a stable epidemic with 10% HIV
prevalence among IDUs. This is similar to the prevalence
seen among IDUs in areas such as San Francisco and
Washington, DC [47, 48]. Using calculations similar to
those above, we calculated epidemic parameters δ=0.0348
and l0=.0386 that lead to a stable epidemic with 10%
prevalence. In this case (Fig. 7), the willingness-to-pay
constant must be higher than $100,000 per HIV case
averted before any investment is made in needle exchange:
for W=$200,000, the optimal investment is approximately
$80/person.

0

1,000,000

2,000,000

3,000,000

4,000,000

5,000,000

6,000,000

7,000,000

0 100 200 300 400 500

Net Present Value of the Investment ($/person)

O
b

je
ct

iv
e

 F
u

n
ct

io
n

 V
a

lu
e

W
*I

A
(x

)-
x

0.03 0.05 0.0817 0.12

Fig. 5 Objective function value for the needle exchange program, for
different values of the sufficient contact rate (l0=0.03, 0.05, 0.0817,
and 0.12), assuming W=$100,000

0
500,000

1,000,000

1,500,000
2,000,000
2,500,000
3,000,000

3,500,000
4,000,000
4,500,000

0 50 100 150 200 250 300 350 400

Net Present Value of the Investment ($/person)

O
b

je
ct

iv
e 

F
u

n
ct

io
n

 V
al

u
e,

 
W

*I
A

(x
)-

x

100,000 200,000 300,000

Fig. 6 Objective function value for the needle exchange program, as a
function of the net present value of investment, assuming a growing
epidemic with initial HIV prevalence I(0)=0.10 (with all other
parameters the same as in the example of Fig. 3), and for willingness-
to-pay constant W=$100,000, $200,000, or $300,000 per HIV infection
averted

0

2

4

6

8

10

12

0

200,000

400,000

600,000

800,000

1,000,000

1,200,000

1,400,000

1,600,000

1,800,000

0 50 100 150 200 250 300 350 400

Net Present Value of the Investment ($/person)

O
b

je
c
ti

v
e
 F

u
n

c
ti

o
n

 V
a
lu

e
, 

W
*
IA

(x
)-

x

300,000 400,000 500,000

0 100 200 300 400

Net Present Value of the Investment ($/person)

In
fe

ct
io

ns
 A

ve
rt

ed
, I

A
(x

)

Fig. 4 Infections averted and objective function value for the methadone
program, as a function of the net present value of investment, and for
willingness-to-pay constant W=$300,000, $400,000, or $500,000 per
HIV infection averted

Health Care Manag Sci (2009) 12:27–37 33



For the lower prevalence population, a higher willing-
ness to pay is required to justify investment compared to
the higher prevalence population. Moreover, for any given
value of W, the investment made in the lower prevalence
population with a stable epidemic is less than the investment
made in the lower prevalence population with a growing
epidemic, which is less than the investment made in the
higher prevalence population with a stable epidemic.

These examples underscore the need for decision makers
to consider both the production function of the prevention
program and the parameters of the epidemic when making
decisions about how much to invest in an HIV prevention
program.

5 Discussion

The optimal amount to spend on an HIV prevention program
depends on the relationship between investment in the pro-
gram and the resulting number of HIV infections averted. We
have shown that this relationship can be expressed a function
of the epidemic growth and of the prevention program’s
production function. In general, the relationship between
investment and HIV infections averted is not linear, so in-
creased spending on a prevention program is not always cost
effective. When infections averted has diminishing returns to
scale in expenditure, it is optimal to invest only up to the point
at which the marginal cost of the program equals its marginal
benefit (expressed in terms of the willingness-to-pay factor
W). When infections averted has increasing returns to scale in
expenditure, it is optimal to either spend nothing or to spend
the entire budget on the program.

In numerical analyses using a simple SI model, we found
that the infections-averted function IA(x) tended to have the
same returns-to-scale property as the production function
l(x) (although knowledge of both the production function

and the epidemic growth is still required to determine the
optimal level of expenditure). This highlights the impor-
tance of information about a prevention program’s produc-
tion function. Brandeau et al. have provided guidelines for
estimating basic information about such production func-
tions [14]. To date, however, limited work has been done to
estimate or infer production functions that directly link
expenditure with reduction in HIV transmission risk [8, 13,
14, 16, 17, 21, 44]. For some programs, constant returns to
scale have been estimated; other programs have been
estimated to have decreasing returns to scale. A recent project
assessing the efficiency of a variety of HIV prevention
programs worldwide measured average program cost per
unit of output (e.g., per person served) as a function of
expenditure; this measure is likely a good surrogate for cost
per reduction in transmission risk. The study found that some
programs had decreasing returns to scale, whereas others had
increasing and then decreasing returns to scale as expenditure
increased [36]. An analysis of HIV prevention programs in
southern India that also measured cost per person served
found increasing returns to scale in expenditure followed by
decreasing returns to scale [35].

Our analysis has focused on optimal investment in a
program aimed at preventing HIV, which is a communica-
ble disease. For a non-communicable disease, epidemic
effects are not relevant when considering the optimal level
of investment in a prevention program, but the program’s
production function is still relevant. Insights from studies
that estimate production functions for non-communicable
disease prevention programs could prove useful when es-
timating production functions for HIV prevention programs.

We have measured the health benefits of a prevention
program in terms of HIV infections averted, but our anal-
ysis holds for any outcome measure that is a monotonically
increasing function of total infections averted. For example,
one could estimate quality-adjusted life years (QALYs)
gained by multiplying the number of infections averted by
an estimate of QALYs gained for each averted infection.
Additionally, if one wished to use a range rather than a single
value to define the acceptable cost–effectiveness threshold,
our methodology could be used to find the corresponding
range of expenditures.

Our model determines the optimal level of investment in
a single HIV prevention program. When the decision maker
must choose to invest in a single program from among
competing prevention programs, the model can be used
to determine the optimal amount to invest in each single
program separately as we have done. The decision maker
should then choose to invest in the program that averts the
greatest number of infections at its optimal investment
level. For the simple examples presented in Section 4,
suppose the decision maker has a choice between needle
exchange and methadone maintenance, a willingness to pay
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of W=$400,000 per HIV case averted, and a budget of
$200 per person (net present value). In this case it is
optimal when considering each program alone to spend the
entire budget on that program. However, an investment of
$200 per person on needle exchange averts approximately
54 HIV infections (Fig. 3), whereas the same investment
in the methadone program averts only 5 HIV infections
(Fig. 4). Thus, it is more cost effective (in terms of cost
per HIV infection averted) to invest in the needle exchange
program in this example. If the willingness to pay is
$250,000 per HIV case averted, it would only make sense
to invest in the needle exchange program (and it would be
optimal to invest the maximum amount, $200 per person,
in that program); at this level of willingness to pay,
investment in the methadone maintenance program is not
justified.

When the decision maker is choosing from among a
portfolio of interventions that could be implemented simul-
taneously, a different model framework is needed (e.g., see
[17, 18]) because the interventions may have interacting
effects. For example, if both needle exchange and metha-
done maintenance are implemented, the number of infec-
tions averted is not the sum of the number that would be
averted by each program alone because it is not possible to
prevent the same infection twice. Moreover, as IDUs move
into methadone maintenance, needle exchange may become
less cost effective (because IDUs in methadone mainte-
nance inject less often and share needles less often).

Our analysis has several limitations. We assumed that
investment in a prevention program produces an instanta-
neous reduction in the sufficient contact rate. In practice, it
is likely that such change is not instantaneous. A more
sophisticated analysis could incorporate a non-constant
sufficient contact rate. Additionally, our numerical analyses
were based on a simple SI model with replacement. Depend-
ing on the population and intervention under consideration,
other types of models, such as more sophisticated com-
partmental models [34, 49], network-based models [50], or
discrete-event simulation models [12] could be used to more
accurately capture epidemic effects when evaluating the
likely impact of HIV prevention programs. For example, our
illustrative analyses of investment in a needle exchange
program and in a methadone program likely underestimate
the benefits of these programs because the SI model does not
capture sexual transmission of HIV from IDUs to non-IDUs.
A more sophisticated model could capture this effect.

Despite these limitations, our work provides results that
can be useful in making spending decisions. We have
introduced a method for evaluating prevention program
cost effectiveness for any feasible spending level, taking
into account the characteristics of the epidemic and the
prevention program. Natural next steps are the development
of simple guidelines for decision makers as to how to

characterize their local epidemic and how to understand the
scale effects of prevention programs, and the incorporation
of those guidelines into a simple planning tool that local
decision makers could use when assessing potential invest-
ments in HIV prevention programs.
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Appendix: Derivation of optimal expenditure results
in Table 1

Case 1: IA(x) has increasing returns to scale for 0≤x≤B.
If IA″(x)>0, then IA(x) has increasing returns to scale.

The optimal solution is specified as follows:
If W×IA(B)−B≥0, then x*=B; otherwise, x*=0.
Since IA(x) is increasing and has increasing returns to

scale, the largest possible value of W×IA(x)−x will occur at
the largest possible value of x, x=B. If this value is
negative, then it must also be negative for all smaller values
of x, x<B, and it is optimal to invest nothing. Note that if
W×IA(B)−B=0, then a decision maker would be indiffer-
ent between investment of B versus none since the return
on investment is exactly equal to the decision maker’s
willingness to pay.
Case 2: IA(x) has decreasing returns to scale for 0≤x≤B.

If IA″(x)<0, then IA(x) has decreasing returns to scale.
We define the point xD (if it exists) as the point that sets
IA′(xD)=1/W. The optimal solution is specified as follows:

1. If IA′(0)<1/W, then x*=0;
2. If xD≥B, then x*=B;
3. If xD<B, then x*=xD.

In case (1), the benefits of investment are not justified by
the costs even for the smallest possible investments. Since
IA(x) has decreasing returns to scale, additional investments
will yield proportionally fewer benefits, so it is optimal to
invest nothing. In case (2), the point at which marginal cost
equals marginal benefit involves expenditure greater than
available funds, so it is optimal to invest the entire budget.
In case (3), the point at which marginal cost equals marginal
benefit involves an expenditure that is within the available
budget, so it is optimal to invest up to this point. Since IA(x)
has decreasing returns to scale, funds invested beyond xD
will generate less benefit than 1/W per dollar invested, and
thus would represent wasted opportunities elsewhere.
Case 3: IA(x) has constant returns to scale for 0≤x≤B.

If IA″(x)=0, then IA(x) has constant returns to scale. The
optimal solution is specified as follows:

If IA′(0)≥1/W then x*=B; otherwise x*=0.
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In this case, if the marginal benefit of investment is
greater than the marginal cost, it is worth investing the
entire budget; otherwise, no investment should be made. If
IA′(x)=1/W, a decision maker would be indifferent between
investing anything in the intervention and not investing
since the return on investment is exactly equal to the decision
maker’s willingness to pay.
Case 4: IA(x) is “s-shaped” in the interval 0≤x≤B.

Let xF be a point of inflection (0<xF<B) where IA(x)
switches from having increasing to decreasing returns to
scale. IA(x) is “s-shaped” if IA″(x)>0 for x<xF and IA″(x)<
0 for x≥xF. The optimal solution is determined by solving
the two sub-problems corresponding to 0≤x≤xF [the region
over which IA(x) has increasing returns to scale] and xF<
x≤B [the region over which IA(x) has decreasing returns to
scale]. The first problem is easily solved by comparing W×
IA(xF)−xF and W×IA(0)−0=0. The second problem is
formed by defining l0=l(xF) and reducing the budget to
B−xF. The solution to the second problem will indicate
whether any additional investment beyond xF is required.
The solution to this second problem is found using the
methods outlined above for the case of decreasing returns to
scale.
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